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Sensitivity Analysis with the R?-Calculus

Sensitivity Analysis is an Optimization Sensitivity Analysis in a Linear Model Practical Application

Problem Key Idea: Using R- and R<“-values = National Longitudinal Survey of Young Men [4]
Problem as sensitivity parameters i because * Causal effect g of education D on salary Y
= Plethora of methods for sensitivity analysis, but hardly they are easy to interpret. |3] " Potential instrument Z: growing up close to a college
used in practice = Causal effect: g = By pix zu = Baseline covariates X: X indicator for being black, X

* Focus on closed-form solutions — simplistic sensitivity * Family of k-class remaining covariates
models and unintuitive sensitivity parameters estimands f,, where k < 1: = Unmeasured confounder U: motivation

Our Framework B1 = PBrstss  Po = Pr-pix, NiMe__ Bk = By-pix z Sensitivity analysis with comparative bounds:

" (Vi, Uiz ~ Py y, but only (V;)iL; is observed Via the R?-calculus, we get: (B1) R5~U X,z S 4R12)~X|)"<,Z (B2) R)2’~U|)~<,Z,D < 5R)2’~X|X,Z,D

* Objective: 5(0,1)), e.g. causal effect ' fyz1x 0 Ro~z|x | sd(y+%4P) (B3)R;_yx <0.5R: v (BARY zxup <O0.1Ry sixzup
F Ry _uix,z,p fo~uix,z sd(D-X7)

= O are estimable parameters, i.e. only depend on P, — 6 P= P = 1 -k + kR§~Z|X

" 1) are sensitivity parameters, i.e. depend on Py, Choose the sensitivity parameters:
= Specifying domain knowledge about 1 as constraints: b = (Ry-uix 2.0, Ro-uix 2)
g(ei lP) <0 h(@, 1'/)) =0 Range of 1 1
* Solving the plug-in optimization problem: estimates (blue) e 1T _ I
min,,/max, f(6,1¢) subjectto g(6,1) <0,h(6,1)=0
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intervals (black) e

- = Experts specify their knowledge as constraints on .
R“-Calculus = Assume that X = (X, X) can be split such that X 1LLU|X, Z.
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Let Y be a random variable and X,W, Z be random vectors. " Direct bounds and comparative bounds, e.g. SN ¢ & & & &
1X - . . 2 & &
Y |s. t.he residual of Y after regressing out X. Rp-uix z € [-0.2,0.4] <2R;_ (IRXZ (1) N
Definitions ” . . . . :
P2\ alue: R2 | var(y ) U can explain at most 2 times as much variance in Y than X;
O -V . ‘= o C y ”»
y~X var(Y) does - after accounting for (X, X_;, Z). 04 022
: R2 _R2 " : : e : 016
* Partial R°-value: Ry _, 1= =Xz * Additional equality constraints to connect (1) to initial Strength of U in ] i
Y2z TENgE : comparison with % 00 0,08
, . . V7 17 sensitivity parameters: ’ h 006
* Partial R-value: Ry x|z := corr(Y ", X"%) B observed < % 003
j Ry = - : o
* Partial f-value: fy _y; 1= —=£ 1 _R2 (2) covariates 04 0%
\/1_R¢~X|Z Y~Xi|X,X_;,Z
2 [2]
. . \Y, ~D|X, ~U|X, 081, | | | |
System of algebraic rules for (partial) R°- and R-values, e.g. (3) o o o " "

RY’VUlX,Z,D — 5 2 Rp-ux.z
(i) Independence: If Y1LX, then Ry_, = O \/ L =Ry oix.z \/ 1 =Rpuix .z

(iv) Recursion of partial correlation:

R | . RY~X o RY~W RX~W ) / /3 R .
Y~XW — MIiN/MaxXx — . o
_ 2 _ 2 Y’VD|X:Z Y"“le ;Z ;D D~U|X,Z Tobias Freidlin

VI-Ry V1 -Ri sd(D+X-4) :
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= Optimizati bl b
ptimization problem becomes sd(y X 7Py References
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